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SOBOLEV SPACES FOR THE WEIGHTED ∂-NEUMANN OPERATOR
FRIEDRICH HASLINGER
Abstract. We discuss compactness of the ∂-Neumann operator in the setting of
weighted L2-spaces on Cn. In addition we describe an approach to obtain the com-
pactness estimates for the ∂-Neumann operator. For this purpose we have to define
appropriate weighted Sobolev spaces and prove an appropriate Rellich - Kondrachov
lemma.
1. Introduction
Let Ω be a bounded open set in Rn, and k a nonnegative integer. We denote by W k(Ω)
the Sobolev space
W k(Ω) = {f ∈ L2(Ω) : ∂αf ∈ L2(Ω), |α| ≤ k},
where the derivatives are taken in the sense of distributions and endow the space with
the norm
‖f‖k,Ω =

∑
|α|≤k
∫
Ω
|∂αf |2 dλ


1/2
,
where α = (α1, . . . , αn) is a multiindex , |α| =
∑n
j=1 αj and
∂αf =
∂|α|f
∂xα11 . . . ∂x
αn
n
.
W k(Ω) is a Hilbert space. If Ω ⊂ Rn , n ≥ 2, is a bounded domain with a C1 boundary,
the Rellich-Kondrachov lemma says that for n > 2 one has
W 1(Ω) ⊂ Lr(Ω) , r ∈ [1, 2n/(n− 2))
and that the imbedding is also compact; for n = 2 one can take r ∈ [1,∞) (see for
instance [1]), in particular, there exists a constant Cr such that
(1.1) ‖f‖r ≤ Cr‖f‖1,Ω,
for each f ∈ W 1(Ω), where
‖f‖r =
(∫
Ω
|f |r dλ
)1/r
.
Now let Ω ⊆ Cn(∼= R2n) be a smoothly bounded pseudoconvex domain. We consider the
∂-complex
(1.2) L2(Ω)
∂
−→ L2(0,1)(Ω)
∂
−→ . . .
∂
−→ L2(0,n)(Ω)
∂
−→ 0 ,
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where L2(0,q)(Ω) denotes the space of (0, q)-forms on Ω with coefficients in L
2(Ω). The
∂-operator on (0, q)-forms is given by
(1.3) ∂
(∑
J
′
aJ dzJ
)
=
n∑
j=1
∑
J
′ ∂aJ
∂zj
dzj ∧ dzJ ,
where
∑′
means that the sum is only taken over strictly increasing multi-indices J.
The derivatives are taken in the sense of distributions, and the domain of ∂ consists of
those (0, q)-forms for which the right hand side belongs to L2(0,q+1)(Ω). So ∂ is a densely de-
fined closed operator, and therefore has an adjoint operator from L2(0,q+1)(Ω) into L
2
(0,q)(Ω)
denoted by ∂
∗
.
We consider the ∂-complex
(1.4) L2(0,q−1)(Ω)
∂
−→
←−
∂
∗
L2(0,q)(Ω)
∂
−→
←−
∂
∗
L2(0,q+1)(Ω),
for 1 ≤ q ≤ n− 1.
We remark that a (0, q + 1)-form u =
∑′
J uJ dzJ belongs to C
∞
(0,q+1)(Ω) ∩ dom(∂
∗
) if and
only if
(1.5)
n∑
k=1
ukK
∂r
∂zk
= 0
on bΩ for all K with |K| = q, where r is a defining function of Ω with |∇r(z)| = 1 on the
boundary bΩ. (see for instance [9])
The complex Laplacian  = ∂ ∂
∗
+ ∂
∗
∂, defined on the domain
dom() = {u ∈ L2(0,q)(Ω) : u ∈ dom(∂) ∩ dom(∂
∗
), ∂u ∈ dom(∂
∗
), ∂
∗
u ∈ dom(∂)}
acts as an unbounded, densely defined, closed and self-adjoint operator on L2(0,q)(Ω), for
1 ≤ q ≤ n, which means that  = ∗ and dom() = dom(∗).
Note that
(1.6) (u, u) = (∂ ∂
∗
u+ ∂
∗
∂u, u) = ‖∂u‖2 + ‖∂
∗
u‖2,
for u ∈ dom().
If Ω is a smoothly bounded pseudoconvex domain in Cn, the so-called basic estimate says
that
(1.7) ‖∂u‖2 + ‖∂
∗
u‖2 ≥ c ‖u‖2,
for each u ∈ dom(∂) ∩ dom(∂
∗
), c > 0.
This estimate implies that  : dom() −→ L2(0,q)(Ω) is bijective and has a bounded
inverse
N(0,q) : L
2
(0,q)(Ω) −→ dom().
N(0,q) is called ∂-Neumann operator. In addition
(1.8) ‖N(0,q)u‖ ≤
1
c
‖u‖.
Hence the ∂-Neumann operator N(0,q) is continuous from L
2
(0,q)(Ω) into itself. Compact-
ness of the ∂-Neumann operator is relevant for a number of circumstances ([9]). From
the point of view of the L2-Sobolev theory of the ∂-Neumann operator, an important
application of compactness is that it implies global regularity. Kohn and Nirenberg ([8])
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proved that compactness of N(0,q) on L
2
(0,q)(Ω) implies compactness (in particular, con-
tinuity) of N(0,q) from the Sobolev spaces W
s
(0,q)(Ω) into itself for all s ≥ 0, see also [9].
For this result the Rellich - Kondrachov lemma is important, it holds as Ω is a bounded
domain.
The aim of this paper is to study similar properties for the weighted ∂-Neumann operator
on Cn.
Let ϕ : Cn −→ R be a plurisubharmonic C2-function and let
L2(Cn, e−ϕ) = {g : Cn −→ C measurable : ‖g‖2ϕ = (g, g)ϕ =
∫
Cn
|g|2e−ϕ dλ <∞}.
Let 1 ≤ q ≤ n and
f =
∑
|J |=q
′ fJ dzJ ,
where the sum is taken only over increasing multiindices J = (j1, . . . , jq) and dzJ =
dzj1 ∧ · · · ∧ dzjq and fJ ∈ L
2(Cn, e−ϕ).
We write f ∈ L2(0,q)(C
n, e−ϕ) and define
∂f =
∑
|J |=q
′
n∑
j=1
∂fJ
∂zj
dzj ∧ dzJ
for 1 ≤ q ≤ n− 1 and
dom(∂) = {f ∈ L2(0,q)(C
n, e−ϕ) : ∂f ∈ L2(0,q+1)(C
n, e−ϕ)}.
In this way ∂ becomes a densely defined closed operator and its adjoint ∂
∗
ϕ depends on
the weight ϕ.
We consider the weighted ∂-complex
L2(0,q−1)(C
n, e−ϕ)
∂
−→
←−
∂
∗
ϕ
L2(0,q)(C
n, e−ϕ)
∂
−→
←−
∂
∗
ϕ
L2(0,q+1)(C
n, e−ϕ)
and we set

(0,q)
ϕ = ∂ ∂
∗
ϕ + ∂
∗
ϕ∂,
where
dom((0,q)ϕ ) = {u ∈ dom(∂) ∩ dom(∂
∗
ϕ) : ∂u ∈ dom(∂
∗
ϕ), ∂
∗
ϕu ∈ dom(∂)}.
It turns out that 
(0,q)
ϕ is a densely defined, non-negative self-adjoint operator, which
has a uniquely determined self-adjoint square root (
(0,q)
ϕ )1/2. The domain of (
(0,q)
ϕ )1/2)
coincides with dom(∂)∩dom(∂
∗
ϕ), which is also the domain of the corresponding quadratic
form
Qϕ(u, v) := (∂u, ∂v)ϕ + (∂
∗
ϕu, ∂
∗
ϕv)ϕ,
see for instance [3].
Next we consider the Levi matrix
Mϕ =
(
∂2ϕ
∂zj∂zk
)n
j,k=1
and suppose that the lowest eigenvalue µϕ of Mϕ satisfies
(1.9) lim inf
|z|→∞
µϕ(z) > 0.
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(1.9) implies that 
(0,1)
ϕ is injective and that the bottom of the essential spectrum
σe(
(0,1)
ϕ ) is positive (Persson’s Theorem), see [5]. Now it follows that
(0,1)
ϕ has a bounded
inverse, which we denote by
N (0,1)ϕ : L
2
(0,1)(C
n, e−ϕ) −→ L2(0,1)(C
n, e−ϕ).
Using the square root of N
(0,1)
ϕ we get the basic estimates
(1.10) ‖u‖2ϕ ≤ C(‖∂u‖
2
ϕ + ‖∂
∗
ϕu‖
2
ϕ),
for all u ∈ dom(∂) ∩ dom(∂
∗
ϕ).
Now we will study compactness of the weighted ∂-Neumann operator N
(0,1)
ϕ . For this
purpose we will use the description of compact subsets in L2-spaces, as it is done in
[4] Chapter 11, to derive a sufficient condition for compactness in terms of the weight
function. It turns out that compactness of the ∂-Neumann operator N
(0,1)
ϕ is equivalent
to compactness of the embedding of a certain complex Sobolev space into L2(0,1)(C
n, e−ϕ).
Definition 1.1. Let
WQϕ = {u ∈ L2(0,1)(C
n, e−ϕ) : u ∈ dom(∂) ∩ dom(∂
∗
ϕ)}
with norm
(1.11) ‖u‖Qϕ = (‖∂u‖
2
ϕ + ‖∂
∗
ϕu‖
2
ϕ)
1/2.
So WQϕ is the form domain of Qϕ.
Theorem 1.2. Suppose that the weight function ϕ is plurisubharmonic and that the
lowest eigenvalue µϕ of the Levi - matrix Mϕ satisfies
(1.12) lim
|z|→∞
µϕ(z) = +∞ .
Then the embedding
(1.13) jϕ :W
Qϕ →֒ L2(0,1)(C
n, e−ϕ)
is compact. Consequently, the ∂-Neumann operator N
(0,1)
ϕ is compact.
This result can be seen as a Rellich Kondrachov lemma for Sobolev spaces defined by
complex derivatives. Notice that
N (0,1)ϕ : L
2
(0,1)(C
n, e−ϕ) −→ L2(0,1)(C
n, e−ϕ)
can be written in the form
N (0,1)ϕ = jϕ ◦ j
∗
ϕ ,
where
j∗ϕ : L
2
(0,1)(C
n, e−ϕ) −→WQϕ
is the adjoint operator to jϕ, see [4] Section 6.2, or [9] Section 2.8.
It is now clear that N
(0,1)
ϕ is compact if and only if jϕ is compact.
We have to show that the unit ball in WQϕ is relatively compact in L2(0,1)(C
n, e−ϕ). For
this purpose we use the characterization of compact subsets in L2-spaces (see [4] Chapter
11).
For u ∈ WQϕ we have
‖∂u‖2ϕ + ‖∂
∗
ϕu‖
2
ϕ ≥ (Mϕu, u)ϕ.
4
This implies
(1.14)
‖∂u‖2ϕ + ‖∂
∗
ϕu‖
2
ϕ ≥
∫
Cn
µϕ(z) |u(z)|
2 e−ϕ(z) dλ(z) ≥
∫
Cn\BR
µϕ(z)|u(z)|
2e−ϕ(z)dλ(z),
where BR is the ball with center 0 and radius R > 0.
Consequently, assumption (1.12) implies that for each ǫ > 0 there is R > 0 such that
(1.15)
∫
Cn\BR
|u(z)|2e−ϕ(z) dλ(z) < ǫ,
for all u in the unit ball of WQϕ . Also, the map u 7→ u|BR is compact from W
Qϕ to
L2(0,1)(BR, e
−ϕ), in view of the ellipticity of ∂ ⊕ ∂
∗
ϕ. Together with (1.15), this latter fact
shows that the image of a bounded set in WQϕ is pre-compact in L2(0,1)(C
n, e−ϕ).
In the following we will describe an approach to obtain the so-called compactness esti-
mates for the ∂-Neumann operator N
(0,1)
ϕ , where we follow [9], Propostion 4.2. For this
purpose we have to define appropriate weighted Sobolev spaces and we need an appro-
priate Rellich - Kondrachov lemma.
2. Weighted L2-Sobolev spaces
Let z = (z1, . . . , zn) = (x1 + iy1, . . . , xn + iyn) ∈ C
n and write for a multiindex
γ = (γ1, γ2, . . . , γ2n−1, γ2n)
and an appropriate function
∂γf =
∂|γ|f
∂xγ11 ∂y
γ2
1 . . . ∂x
γ2n−1
n ∂y
γ2n
n
.
Definition 2.1. We denote by W k(Cn) the Sobolev space
W k(Cn) = {f ∈ L2(Cn) : ∂γf ∈ L2(Cn), |γ| ≤ k},
where the derivatives are taken in the sense of distributions and endow the space with the
norm
‖f‖k =

∑
|γ|≤k
∫
Cn
|∂γf |2 dλ


1/2
.
W k(Cn) is a Hilbert space. It is well-known that the embedding ι : W 1(Cn) →֒ L2(Cn)
fails to be compact. In sake of completeness we recall the easy proof: let ψ ∈ C∞0 (C
n) be a
smooth function with compact support such that Trψ ⊂ B1/2(0) and
∫
Cn
|ψ(z)|2 dλ(z) =
1. For k ∈ N let ψk(z) = ψ(z −
−→
k ), where
−→
k = (k, 0, . . . , 0) ∈ Cn. Then Trψk ⊂ B1(
−→
k )
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and (ψk)k is a bounded sequence in W
1(Cn). Now let k,m ∈ N with k 6= m. Due to the
fact that ψk and ψm have non-overlapping supports we have
‖ψk − ψm‖
2 = ‖ψk‖
2 + ‖ψm‖
2 = 2,
and the sequence (ψk)k has no convergent subsequence in L
2(Cn).
Let Uϕ : L
2(Cn) −→ L2(Cn, e−ϕ) denote the isometry given by Uϕ(f) = fe
ϕ/2, for f ∈
L2(Cn). The inverse is given by U−ϕ(g) = ge
−ϕ/2, for g ∈ L2(Cn, e−ϕ). The appropriate
weighted Sobolev spaces are determined as the images of W k(Cn) under the isometry
Uϕ. In the following we consider only Sobolev spaces of order 1. Let f ∈ W
1(Cn). Then
feϕ/2, (∂jf)e
ϕ/2 ∈ L2(Cn, e−ϕ), where ∂jf denotes all first order derivatives of f with
respect to xj and yj for j = 1, . . . , n. Set h = fe
ϕ/2. Then
∂jh = (∂jf)e
ϕ/2 +
1
2
f(∂jϕ)e
ϕ/2
= (∂jf)e
ϕ/2 +
1
2
(∂jϕ)h,
which implies (∂jf)e
ϕ/2 = ∂jh−
1
2
(∂jϕ)h and
Uϕ(W
1(Cn)) = {h ∈ L2(Cn, e−ϕ) : ∂jh−
1
2
(∂jϕ)h ∈ L
2(Cn, e−ϕ), j = 1, . . . , 2n}.
For reasons which will become clear later, we denote
W 10 (C
n, e−ϕ) := Uϕ(W
1(Cn)),
and we endow the spaceW 10 (C
n, e−ϕ) with the norm h 7→ (‖h‖2ϕ+
∑
j ‖∂jh−
1
2
(∂jϕ)h‖
2
ϕ)
1/2.
in this way Uϕ : W
1(Cn) −→ W 10 (C
n, e−ϕ) is again isometric and we have the following
commutative diagram
W 1(Cn)
ι
−−−→ L2(Cn)
Uϕ
y yUϕ
W 10 (C
n, e−ϕ) −−−→
ιϕ
L2(Cn, e−ϕ)
where ιϕ : W
1
0 (C
n, e−ϕ) →֒ L2(Cn, e−ϕ) is the canonical embeddings. As Uϕ ι = ιϕ Uϕ and
ι fails to be compact, ιϕ is also not compact.
Definition 2.2. Let η ∈ R. We denote by W 1η (C
n, e−ϕ) the Sobolev space
W 1η (C
n, e−ϕ) = {h ∈ L2(Cn, e−ϕ) : ∂jh−
1+η
2
(∂jϕ)h ∈ L
2(Cn, e−ϕ), j = 1, . . . , 2n},
endowed with the norm h 7→ (‖h‖2ϕ +
∑
j ‖∂jh−
1+η
2
(∂jϕ)h‖
2
ϕ)
1/2.
We use the notation
Xj =
∂
∂xj
−
1 + η
2
∂ϕ
∂xj
and Yj =
∂
∂yj
−
1 + η
2
∂ϕ
∂yj
,
for j = 1, . . . , n. Then
W 1η (C
n, e−ϕ) = {f ∈ L2(Cn, e−ϕ) : Xjf, Yjf ∈ L
2(Cn, e−ϕ), j = 1, . . . , n},
with norm
‖f‖2ϕ,η = ‖f‖
2
ϕ +
n∑
j=1
(‖Xjf‖
2
ϕ + ‖Yjf‖
2
ϕ).
For suitable weight functions ϕ, we can prove an analogous result to the Rellich Kondra-
chov lemma.
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Theorem 2.3. Suppose that ϕ is a C2-function satisfying
(2.1) lim
|z|→∞
(η2|∇ϕ(z)|2 + (1 + ǫ)η△ϕ(z)) = +∞,
for some ǫ > 0, where
|∇ϕ(z)|2 =
n∑
k=1
(∣∣∣∣ ∂ϕ∂xk
∣∣∣∣
2
+
∣∣∣∣ ∂ϕ∂yk
∣∣∣∣
2
)
.
Then the canonical embedding ιϕ,η : W
1
η (C
n, e−ϕ) →֒ L2(Cn, e−ϕ) is compact.
Proof. We adapt methods from [2] , [6] and [7] and use the general result that an operator
between Hilbert spaces is compact if and only if the image of a weakly convergent sequence
is strongly convergent.
In addition we remark that C∞0 (C
n) is dense in all spaces which are involved. For the
vector fields Xj and their adjoints X
∗
j in the weighted space L
2(Cn, e−ϕ) we have X∗j =
− ∂
∂xj
+ 1−η
2
∂ϕ
∂xj
and
(2.2) (Xj +X
∗
j )f = −η
∂ϕ
∂xj
f and [Xj , X
∗
j ]f = −η
∂2ϕ
∂x2j
f,
for f ∈ C∞0 (C
n), and
(2.3) ([Xj , X
∗
j ]f, f)ϕ = ‖X
∗
j f‖
2
ϕ − ‖Xjf‖
2
ϕ,
(2.4) ‖(Xj +X
∗
j )f‖
2
ϕ ≤ (1 + 1/ǫ)‖Xjf‖
2
ϕ + (1 + ǫ)‖X
∗
j f‖
2
ϕ
for each ǫ > 0, where we used the inequality
|a+ b|2 ≤ |a|2 + |b|2 + 1/ǫ |a|2 + ǫ |b|2.
Similar relations hold for the vector fields Yj . Now we set
Ψ(z) = η2|∇ϕ(z)|2 + (1 + ǫ)η△ϕ(z).
By (2.2), (2.3) and (2.4), it follows that
(Ψf, f)ϕ ≤ (2 + ǫ+ 1/ǫ)
n∑
j=1
(‖Xjf‖
2
ϕ + ‖Yjf‖
2
ϕ).
Since C∞0 (C
n) is dense in W 1η (C
n, e−ϕ) by definition, this inequality holds for all f ∈
W 1η (C
n, e−ϕ).
If (fk)k is a sequence in W
1
η (C
n, e−ϕ) converging weakly to 0, then (fk)k is a bounded
sequence in W 1η (C
n, e−ϕ) and our assumption implies that
Ψ(z) = η2|∇ϕ(z)|2 + (1 + ǫ)η△ϕ(z)
is positive in a neighborhood of ∞. So we obtain∫
Cn
|fk(z)|
2e−ϕ(z) dλ(z) ≤
∫
|z|<R
|fk(z)|
2e−ϕ(z) dλ(z)
+
∫
|z|≥R
Ψ(z)|fk(z)|
2
inf{Ψ(z) : |z| ≥ R}
e−ϕ(z) dλ(z)
≤ Cϕ,R ‖fk‖
2
L2(B(0,R)) +
Cǫ ‖fk‖
2
ϕ,η
inf{Ψ(z) : |z| ≥ R}
.
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Notice that in the last estimate the expression Ψ(z) plays a similar role as µϕ(z) in (1.14).
It is now easily seen that the sequence (fk)k converges also weakly to zero inW
1(B(0, R)).
Hence the assumption and the fact that the embedding
W 1(B(0, R)) →֒ L2(B(0, R))
is compact (classical Rellich Kondrachov Lemma, see for instance [1]) show that (fk)k
tends to 0 in L2(Cn, e−ϕ).

Remark 2.4. If η = 0, we get the case corresponding to W 1(Cn), whereas η = −1
corresponds to the Sobolev space of all functions h ∈ L2(Cn, e−ϕ) such that all derivatives
of order 1 satisfy ∂jh ∈ L
2(Cn, e−ϕ); in this case the higher order Sobolev spaces are
defined as the spaces of all functions h ∈ L2(Cn, e−ϕ) such that all derivatives of order
k ≥ 1 belong to L2(Cn, e−ϕ).
From Theorem 2.3 we can also derive compactness for embeddings in Sobolev spaces
without weights. For this purpose we define
Definition 2.5. Let η ∈ R. We define
W 1η (C
n,∇ϕ) := {f ∈ L2(Cn) : ∂jf −
η
2
(∂jϕ)f ∈ L
2(Cn), j = 1, . . . , 2n}.
Then Uϕ : W
1
η (C
n,∇ϕ) −→ W 1η (C
n, e−ϕ) is an isometry. We consider the canonical
embedding ιη : W
1
η (C
n,∇ϕ) →֒ L2(Cn) and we have the following commutative diagram
W 1η (C
n,∇ϕ)
ιη
−−−→ L2(Cn)
Uϕ
y yUϕ
W 1η (C
n, e−ϕ) −−−→
ιϕ,η
L2(Cn, e−ϕ)
Hence the condition (2.1) implies that the canonical embedding ιη : W
1
η (C
n,∇ϕ) →֒
L2(Cn) is compact.
Now we return to compactness of the ∂-Neumann operator N
(0,1)
ϕ . We consider the
weighted Sobolev space
W 11 (C
n, e−ϕ) = {h ∈ L2(Cn, e−ϕ) : ∂jh− (∂jϕ)h ∈ L
2(Cn, e−ϕ), j = 1, . . . , 2n},
and use
Xj =
∂
∂xj
−
∂ϕ
∂xj
and Yj =
∂
∂yj
−
∂ϕ
∂yj
,
for j = 1, . . . , n. Then
W 11 (C
n, e−ϕ) = {f ∈ L2(Cn, e−ϕ) : Xjf, Yjf ∈ L
2(Cn, e−ϕ), j = 1, . . . , n},
with norm
‖f‖2ϕ,1 = ‖f‖
2
ϕ +
n∑
j=1
(‖Xjf‖
2
ϕ + ‖Yjf‖
2
ϕ).
We point out that each continuous linear functional L on W 11 (C
n, e−ϕ) is represented by
L(f) =
∫
Cn
fg0e
−ϕ dλ+
n∑
j=1
∫
Cn
((Xjf)gj + (Yjf)hj)e
−ϕ dλ,
for f ∈ W 11 (C
n, e−ϕ) and for some g0, gj, hj ∈ L
2(Cn, e−ϕ), j = 1, . . . , n. In particu-
lar, each function in L2(Cn, e−ϕ) can be identified with an element of the dual space
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(W 11 (C
n, e−ϕ))′ =: W−11 (C
n, e−ϕ). We denote the norm in W−11 (C
n, e−ϕ) by ‖ . ‖ϕ,−1. See
[4] Chapter 11, for more details.
If we suppose that ϕ is a C2-function satisfying
(2.5) lim
|z|→∞
(|∇ϕ(z)|2 + (1 + ǫ)△ϕ(z)) = +∞,
for some ǫ > 0, then the embedding
L2(0,1)(C
n, e−ϕ) →֒ W−11,(0,1)(C
n, e−ϕ)
is compact by Theorem 2.3 and duality. So, as in [9], Proposition 4.2 or [4], Proposition
11.20, we get the compactness estimates
Theorem 2.6.
Suppose that the weight function ϕ satisfies (1.9) and
lim
|z|→∞
(|∇ϕ(z)|2 + (1 + ǫ)△ϕ(z)) = +∞,
for some ǫ > 0, then the following statements are equivalent.
(1) The ∂-Neumann operator N
(0,1)
ϕ is a compact operator from L2(0,1)(C
n, e−ϕ) into
itself.
(2) The embedding of the space dom (∂)∩ dom (∂
∗
ϕ), provided with the graph norm
u 7→ (‖u‖2ϕ + ‖∂u‖
2
ϕ + ‖∂
∗
ϕu‖
2
ϕ)
1/2, into L2(0,1)(C
n, e−ϕ) is compact.
(3) For every positive ǫ′ there exists a constant Cǫ′ such that
‖u‖2ϕ ≤ ǫ
′(‖∂u‖2ϕ + ‖∂
∗
ϕu‖
2
ϕ) + Cǫ′‖u‖
2
ϕ,−1,
for all u ∈ dom (∂)∩ dom (∂
∗
ϕ).
(4) For every positive ǫ′ there exists R > 0 such that∫
Cn\BR
|u(z)|2 e−ϕ(z) dλ(z) ≤ ǫ′(‖∂u‖2ϕ + ‖∂
∗
ϕu‖
2
ϕ)
for all u ∈ dom (∂) ∩ dom (∂
∗
ϕ).
(5) The operators
∂
∗
ϕN
(0,1)
ϕ : L
2
(0,1)(C
n, e−ϕ) ∩ ker(∂) −→ L2(Cn, e−ϕ) and
∂
∗
ϕN
(0,2)
ϕ : L
2
(0,2)(C
n, e−ϕ) ∩ ker(∂) −→ L2(0,1)(C
n, e−ϕ)
are both compact.
Remark 2.7. If
lim
|z|→∞
µϕ(z) = +∞,
then the condition of the Rellich-Kondrachov lemma (2.5) is satisfied.
This follows from the fact that we have for the trace tr(Mϕ) of the Levi - matrix
tr(Mϕ) =
1
4
△ϕ,
and since for any invertible (n× n)-matrix T
tr(Mϕ) = tr(TMϕT
−1),
it follows that tr(Mϕ) equals the sum of all eigenvalues of Mϕ.
We mention that for the weight ϕ(z) = |z|2 the ∂-Neumann operator fails to be compact
(see [4] Chapter 15), but condition (2.5) is satisfied.
9
In view of Theorem 2.3 it is clear that for any weight satisfying (1.9) and (2.1) for
η ∈ R, η 6= 0, and for some ǫ > 0, the restriction of the ∂-Neumann operator N
(0,1)
ϕ to
W 1η,(0,1)(C
n, e−ϕ) is compact as an operator from W 1η,(0,1)(C
n, e−ϕ) to L2(0,1)(C
n, e−ϕ).
ACKNOWLEDGMENT: The author wishes to thank the referee for the valuable com-
ments.
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